Higher moments of net-proton Binder ratio, which is suggested to be a good experimental measurement to locate the QCD critical point, is measured in relativistic heavy ion collisions. We firstly estimate the effect of statistical fluctuations of the third and forth order Binder ratios. Then the dynamical Binder ratio is proposed and investigated in both transport and statistical models. The energy dependence of dynamical Binder ratios with different system sizes at RHIC beam scan energies are presented and discussed.
I. INTRODUCTION
One of the main goals of current relativistic heavy ion collisions is to map the QCD phase diagram [1] . At vanishing baryon chemical potential µ B = 0, finite temperature Lattice QCD calculations predict that a crossover transition from hadronic phase to the Quark Gluon Plasma (QGP) phase will occur around a temperature of 170 -190 MeV [2, 3] . QCD based model calculations indicate that the transition could be a first order at large µ B [4] . The point where the first order phase transition ends is the so-called QCD Critical Point (QCP) [5, 6] . Attempts are being made to locate the QCP both experimentally and theoretically [7] . Lattice QCD calculations at finite µ B face numerical challenges in computing. Thus the location of the QCP are highly uncertain in theoretically. In experimental aspect, the RHIC beam energy scan program [8] has been motivated to search for the QCP in experiment. By decreasing the collision energy down to a center of mass of 5 GeV, RHIC will be able to vary the baryon potential from µ B ∼ 0 to 500 MeV.
Fluctuations of conserved charges, which behave differently between the hadronic and QGP phase, are generally considered to be sensitive indicators for the transition [9, 10] . The singularity at the QCP, at which the transition is believed to be second order, may cause enhancement of fluctuations if fireballs created by heavy ion collisions pass near the critical point during the time evolution [11] . It has been shown that near the critical point, the density-density correlator of baryon number follow the same power law behavior as the correlator of the sigma field which is associated with the chiral order parameter [11, 12] . Therefore, the baryon number is considered as an equivalent order parameter of formed system in nuclear collisions. In experiment, net-proton multiplicity distribution is much easier to measure than the net-baryon numbers. Theoretical calculations have shown that in QCD with exact isospin invariance, the relevant corrections due to isospin breaking are small and the net-proton fluctuations can reflect the singularity of the baryon number susceptibility as expected at the QCP [13] . Hence, the net-proton number is used as the order parameter in current heavy ion experiment [14] .
It is suggested recently that the Binder-like ratios are good identification of critical behavior in relativistic heavy ion collisions [15] [16] [17] . In statistical physics, the Binder ratios are defined as normalized raw moments of order parameter. The third and forth order Binder ratios can be written as
where M is the order parameter. The Binder ratio is a new observable in heavy ion collisions. The difference between Binder ratios and the well-known higher moments [14, 18] is that Binder ratios are the normalized higher raw moments of the order parameter while the higher moments use central moments.
The universality argument indicates that the static critical exponents of the second order phase transition are determined by the dimensionality and symmetry of the system. The QCD critical point of deconfinement phase transition belongs to the same universality class as liquidgas phase transition and the 3D-Ising model [11, 12, 19] . Its universal critical properties are discussed to be valid in various of models and relevant to heavy ion collisions [11, 20, 21] , in particular the event-by-event fluctuations of baryon numbers [11] .
In the calculations of the 3D-Ising model [15] , Binder ratios of B 3 and B 4 as a function of temperature show a step jump from a lower platform to a higher one near the vicinity of critical point by choosing the magnet of spin as the order parameter. Therefore, if the formed system in heavy ion collisions reaches the critical point and the freeze-out curve is close to the transition line, the step function liked behavior of Binder ratios in the Ising model may serve as a good probe of QCP in current heavy ion collisions, where critical incident energy is difficult to assign precisely in priori.
In the mean time, the effect of trivial statistical fluctuations [22] due to insufficient number of particles should be studied and properly eliminated in higher moment calculations. Therefore, we should discuss the statistical contributions from the measured fluctuations firstly, then we could identify the dynamical part which is more relevant to the critical point of the QCD phase transition.
In this paper, we firstly investigate the statistical and dynamical fluctuations of net-proton Binder ratios by using the AMPT and THERMINATOR models. Then, the energy dependence of dynamical Binder ratios in Au + Au collisions at various RHIC beam scan energies are studied.
In our analysis, two versions of a multi-phase transport (AMPT) model [23] are used. One is the AMPT default and the other one is the AMPT with string melting. In both versions, the initial conditions are obtained from the heavy ion jet interaction generator (HIJING) model, and then the scattering among partons is given by the Zhangs parton cascade (ZPC) model. In the AMPT default model, the partons recombine with their parent strings when they stop interacting, and the resulting strings are converted to hadrons using the Lund string fragmentation model, whereas in the AMPT model with string melting, quark coalescence is used in combining partons into hadrons. The dynamics of the hadronic matter is described by the ART model. The THERMI-NATOR statistical model [24] is a Monte Carlo event generator designed for studying of particle production in relativistic heavy ion collisions from SPS to LHC energies. It implements thermal models of particle production with single freeze out.
In order to make our calculations convenient for comparison with the RHIC beam energy scan data, we choose the midrapidity (|y| < 0.5) region with transverse momentum 0.4 < p T < 0.8 GeV/c. This phase space is where the STAR experiment can do the particle identification for proton numbers with its main tracking detector -the Time Projection Chamber [14] . The number of events used in this analysis is around 6 million. This statistics is needed for the calculation of the dynamical Binder ratios of net-proton to ensure the statistical errors under control.
II. STATISTICAL FLUCTUATIONS OF BINDER RATIOS
In the measurement of the net-proton Binder ratios, finite number of protons and antiprotons will cause nonnegligible statistical fluctuations. If the produced protons and antiprotons are two independent Poisson-like distributions [22, 25] , the net-protons then obey a Skellam (SK) distribution [26] .
According to the definition of Eq. (1), the statistical fluctuations of the net-proton Binder ratios can be directly deduced from the Skellam distribution 
where ∆ = N p − Np is the average number of netprotons, and µ = ( N p + Np ) /2 is the mean value of protons and antiprotons in the event sample. More details of the calculation of this formula could be found in the appendix. In Fig. 1 
III. DYNAMICAL NET-PROTON BINDER RATIOS
In the THERMINATOR model, it is well-known that the fluctuations are thermal. From Fig. 1 , we observe it gives a good agreement with the Skellam statistical fluctuations. It is difficult to disentangle purely statistical effects from thermal fluctuations which follow the physics of a hadron resonance gas. Since neither of them is associate with the QCP behavior, we suggest to eliminate these statistical or thermal fluctuations in order to get the dynamical part.
As shown in section II, the statistical fluctuations of Binder ratio can be expressed by Eq. (2) and antiproton obey independent Poisson distributions. We define the so-called dynamical Binder ratios as,
We suggest to measure these dynamical Binder ratios instead of the original definition given by Eq. (1) Fig .2 (a) and (b) , respectively. We find that both the third and forth order Binder ratios from THER-MINATOR are zero at all centralities. This is because that THERMINATOR is based on the hadron resonance gas model and the produced net-protons in the final state obey the Skellam distribution [27] . While, in transport models, both dynamical B 3 and B 4 are larger than zero in peripheral collisions, then tend to be zero in central collisions. The results from AMPT string melting are larger than that from the default model. This is due to different mechanisms of hadronization scheme used for finite state particles in different versions of AMPT models.
IV. ENERGY DEPENDENCE OF DYNAMICAL BINDER RATIOS IN TRANSPORT MODELS
Based on the Wolf algorithm [28] , the 3D-Ising model calculations show that the third and forth order Binder ratios exhibit a step function behavior near the critical temperature [15] . In experiment, if the freeze-out curve is close to the QCD critical point along the transition line and the critical fluctuations are survived in the final state, one may expect to observe this behavior experimentally. For RHIC beam energy scan program, if we scan all the existing energies and observe two platforms of Binder ratios at low and high energy regions, respectively, the critical point is most probably in the intersection of different size systems between the two platforms.
In the upper panels of Fig. 3 (a) and (b), we show the energy dependence of the dynamical B 3 and B 4 at six RHIC energies, 7.7, 9.2, 11.5, 39, 62.4, and 200 GeV from AMPT default model. The nine different symbols represent nine collision sizes (denoted by centralities in experiments). From the figure, we can see that, in all beam energies, when centrality goes from most peripheral (70-80% central) to most central (0-5% central) collisions, the dynamical Binder ratios decrease and are close to zero in the most central collisions. It means that both dynamical B 3 and B 4 are system size dependent. In the calculations of 3D-Ising model [15] , the Binder ratios of different sizes should intersect to each other, i.e. there is a fix point for the system near the critical point. From 7.7 GeV to 200 GeV, we observe no fixed point from the AMPT default model. The lower panels of (c) and (d) for the string melting version give similar results.
Therefore, there is no step function behavior observed in both two versions of the AMPT models. This is understandable since there is no QCD critical mechanism implemented in these transport models.
V. SUMMARY AND OUTLOOK
In this paper, the statistical and dynamical Binder ratios of net-proton are studies in Au + Au collisions at RHIC energies. Using transport and statistical models, it is shown that statistical fluctuations are not negligible in the measurement of higher Binder ratios in relativistic heavy ion collisions.
In order to obtain a clean signature which may be related to the QCD critical point, we suggest to use the dynamical Binder ratio in experimental measurement. The dynamical net-proton Binder ratio is found to be zero in the THERMINATOR model but larger than zero in peripheral collisions in AMPT model. The energy dependence of dynamical Binder ratios with different system sizes shows no step function behavior either in AMPT default or string melting models, which is consistent with expectation that no QCD critical point physics is implemented in these models.
It is interesting to see whether the step function behavior of the dynamical Binder ratios could show up in the coming high energy collisions at RHIC, SPS, and FAIR experiments, where the critical incident energy of QCD phase transition may be covered. Our model study can serve as a background study of the behavior expected from known physics effects for the experimental search for the QCD critical point.
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VII. APPENDIX: BINDER RATIOS FROM SKELLAM DISTRIBUTION
Given the distributions of proton and antiproton are independent Poisson distributions with mean values are N p and Np , the net-proton will follow a Skellam distribution. If we define the net-proton as M = N p − Np, then the probability distribution function of M is
